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ON SMALL SEPARATIONS IN CAYLEY GRAPHS
M. GIANNOUDOVARDI
Abstract. We present two results on expansion of Cayley graphs.
The first result settles a conjecture made by DeVos and Mohar in
[2]. Specifically, we prove that for any positive constant c there
exists a finite connected subset A of the Cayley graph of Z2 such
that |∂A||A| <
c
depth(A) .
This yields that there can be no universal bound for |∂A|depth(A)|A|
for subsets of either infinite or finite vertex transitive graphs.
Let X = (V,E) be the Cayley graph of a finitely generated
infinite group and A ⊂ V finite such that A ∪ ∂A is connected.
Our second result is that if |A| > 16|∂A|2 then X has a ring-like
structure.
1. Introduction
This paper presents results on expansion in vertex transitive graphs
and an important subclass of vertex transitive graphs, infinite Cayley
graphs. The expansion rate, or isoperimetric ratio, of vertex transitive
graphs is known to have a strong relation to connectivity (local ex-
pansion) and growth (global expansion). We are mostly interested in
expansion in Cayley graphs as this is related to the structure of infinite
groups. We mention a few results.
Let X = (V,E) be a connected vertex transitive graph and A ⊂ V a
finite subset of the vertex set. Babai and Szegedy proved in [1] that if
|A| 6 |V |/2, then |∂A|/|A| > 2
2diam(A)+1
. Motivated by this DeVos and
Mohar conjectured in [2] that diam(A) may be replaced by a constant
multiple of the depth of the set A.
Conjecture (DeVos, Mohar). There exists a fixed constant c > 0, so
that in every connected vertex transitive graph, X = (V,E), we have
|∂A|
|A|
> C
depth(A)
whenever A ⊂ V is finite and 0 < |A| 6 1
2
|V |.
Where depth(A) = sup{d(u, V r A) | u ∈ A}.
In section 3 we prove the following inequality for the Cayley graph
of Z2, thus providing a counter example to this conjecture.
Key words and phrases. Vertex transitive graph, Cayley graph, Varopoulos
inequality.
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Proposition 1.1. Let c > 0. There exists a finite subset, Ac, of Z
2 so
that, in the Cayley graph of Z2,
|∂Ac|
|Ac| <
c
depth(Ac)
We remark that a corollary of this proposition is that for any positive
constant c, there is a subset of the vertices of the Cayley graph of
Zn × Zn for which the same inequality holds (where n depends on c).
Thus the conjecture is settled for both the infinite and the finite case.
In section 4, we focus on local expansion in Cayley graphs of finitely
generated infinite groups. Specifically, DeVos and Mohar proved in [3],
a structure theorem that gives a characterization of vertex transitive
graphs with small separations.
Theorem (DeVos, Mohar). Let X = (V,E) be a vertex transitive
graph, let A ⊂ V be finite non-empty set with |A| 6 |V |
2
such that A∪∂A
is connected. Set k = |∂A| and assume that diam(X) > 31(k + 1)2.
Then one of the following holds:
(i) depth(A) 6 k and |A| 6 2k3 + k2
(ii) There exist integers s, t with st 6 k
2
and a cyclic system ~σ on X
so that X is (s, t)-ring-like, and there exists an interval J of ~σ so
that the set Q =
⋃
B∈J
B satisfies A ⊂ Q and |QrA| 6 1
2
k3 + k2.
They conjecture that the theorem should hold with a bound of the
form ck2 instead of 2k3(1 + o(1)) in (i). We prove a similar theorem,
if X is the Cayley graph of a finitely generated infinite group, with an
improved bound for (i) but without a bound on the ring like structure
of X .
Theorem 1.2. Let X = (V,E) be a Cayley graph of a finitely generated
infinite group G with respect to a finite generating set, let A ⊂ V finite
such that A ∪ ∂A is connected and set |∂A| = k. Then one of the
following holds:
(i) |A| 6 16k2 and depth(A) < 4√2k.
(ii) |A| > 16k2 and there exist positive integers s, t and a cyclic system
~σ on X so that X is (s, t)-ring-like. Moreover there exists an
interval, J , of ~σ so that the set Q =
⊔
B∈J
B satisfies A ⊂ Q and
|Qr A| 6 2s2t2k + 2stk.
For that we use a result of Wilkie and Van Den Dries from [8] regard-
ing the growth of a finitely generated group, the Varopoulos isoperi-
metric inequality [7] and a result of DeVos and Mohar from [3].
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2. Preliminaries
The notation introduced in this section will be used throughout this
paper.
Let X = (V,E) be a graph with vertex set V and edge set E. If A
is a subgraph of X , then |A| is the number of vertices in A. We say
that A is connected if for any vertices u, v in A there exists a finite
sequence of consecutive edges (path) in A that starts from u and ends
in v. The distance of two vertices u, v ∈ V is zero if u = v or the
minimum number of edges that a path that joins u to v may have if
u 6= v and will be denoted by d(u, v). Let A be a non-empty subset
of V . We say that A is connected if the corresponding subgraph of X
induced on the vertices of A is connected. Moreover, for any v ∈ V ,
the distance of the vertex v from the set A is:
d(v, A) = inf{d(v, u) | u ∈ A}
The boundary of the set A is the set:
∂A = {u ∈ V r A | {u, v} ∈ E, for some v ∈ A}
Clearly, an alternative expression for ∂A is:
∂A = {u ∈ V | d(u,A) = 1}
The depth of the set A is the supremum, over all vertices in A, of their
distance from V rA:
depth(A) = sup{d(u, V rA) | u ∈ A}
The graph X is vertex transitive if for any u, v ∈ V , there exists an
automorphism, g, of X so that g(u) = v. It is evident that if X is a
locally finite, vertex transitive graph, then any two vertices have the
same number of edges incident to them and this number is called the
degree of the graph X . Moreover, two balls of the same radius have
the same, finite, number of vertices. Thus, for any positive integer m,
we will denote the number of vertices in a ball of radius m in X by
b(m) ∈ N.
Let X = (V,E) be a connected vertex transitive graph. For any
A ⊂ V we set X rA = (V rA,E rE(A)), where E(A) are the edges
in E that are contained in the subgraph of X induced on the vertices
of A. The number of ends of X , e(X), is the supremum over all com-
pact subsets A ⊂ V of the number of infinite connected components of
XrA. It is a well known fact that e(X) is 0, 1, 2 or∞ (Hopf [5], Halin
[4]) as well as that X has linear growth if and only if e(G) = 2 (Imrich
and Seifter [6]). We recall some definitions and results from [3], which
we will use in section 4.
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A partition σ of the set of vertices V is a system of imprimitivity if it
is invariant under the action of the automorphism group of the graph
X , i.e. if for any automorphism g of the graph X and B ∈ σ, we
have that g(B) ∈ σ. The sets of the partition σ are called blocks of
imprimitivity. If A is a set, then a cyclic order on A is a symmetric
relation ∼ such that the corresponding graph, A˜, is either a circuit or
a bi-infinite path. The distance of two elements x, y ∈ A in the cyclic
order is their distance in A˜ and is denoted by d˜(x, y). An interval in A˜
is a finite subset {x1, x2, . . . , xk} ⊂ A such that for any 1 6 i 6 k − 1,
xi ∼ xi+1. A cyclic system, ~σ on the graph X is a system of im-
primitivity, σ, equipped with a cyclic order which is preserved by the
automorphism group of the graph X . Let s, t be positive integers, then
X is (s, t)-ring-like if there exists a cyclic system ~σ on X such that ev-
ery block has s elements and when x, y are two adjacent vertices of X
then d˜(x, y) 6 t. If X is (s, t)-ring-like with respect to a cyclic system
~σ, then X is q-cohesive, for some q ∈ N, if any two vertices of X which
are in the same or adjacent blocks can be joined by a path of length at
most q.
The following two results regarding expansion in two ended vertex tran-
sitive graphs were proven by DeVos and Mohar in [3].
Theorem 2.1 (DeVos, Mohar). Let X be a connected vertex transitive
graph with two ends. Then there exist integers s, t and a cyclic system
~σ so that X is (s, t)-ring-like and 2st-cohesive with respect to ~σ.
Lemma 2.2 (DeVos, Mohar). Let X = (V,E) be a vertex transitive
graph which is (s, t)-ring-like and 2st-cohesive with respect to a cyclic
system ~σ. Let A ⊂ V and assume that A∪∂A is connected, |A| 6 1
2
|V |
and set |∂A| = k. Then there exists an interval, J , of ~σ so that the set
Q =
⊔
B∈J
B satisfies A ⊂ Q and |QrA| 6 2s2t2k + 2stk.
Finally, let X = (V,E) be the Cayley graph of a finitely generated
infinite group G with respect to a finite generating set S. Then X is a
connected locally finite, infinite vertex transitive graph. As the number
of ends is a quasi isometry invariant, the number of ends of the group
G, e(G), is the number of ends of its Cayley graph with respect to any
finite generating set, so e(G) = e(X). Furthermore, the following result
of Wilkie and Van Den Dries in [8] describes explicitly the growth of
locally finite Cayley graphs.
Theorem 2.3 (Wilkie, Van Den Dries). Let X be a Cayley graph of a
finitely generated group. Then only one of the following holds:
(1) There exist α, β > 0 so that for any n ∈ N, b(n) 6 αn+ β
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(2) For any n ∈ N, b(n) > 1
2
(n + 1)(n+ 2)
To complete our reference in expansion in Cayley graphs we recall
the Varopoulos isoperimetric inequality [7]:
Varopoulos Isoperimetric Inequality. Let X = (V,E) be a Cayley
graph of a finitely generated group. If A is a non empty, finite subset
of V and m is the minimum positive integer so that b(m) > 2|A|, then
|A| 6 2m|∂A|
3. A counterexample
Motivated by the work of Babai and Szegety in [1], DeVos and Mo-
har made in [2] the following conjecture concerning local expansion in
vertex transitive graphs.
Conjecture 3.1 (DeVos, Mohar). There exists a fixed constant c > 0,
so that in every locally finite vertex transitive graph X = (V,E), we
have |∂A|
|A| >
c
depth(A)
whenever A ⊂ V is finite and 2|A| 6 |V |.
We will disprove this conjecture by constructing a counter example.
Specifically, we will first show that for the graph of Z2 there exists no
such constant.
Proposition 1.1. Let c > 0. There exists a finite subset, Ac, of Z
2 so
that in the Cayley graph of Z2:
|∂Ac|
|Ac| <
c
depth(Ac)
Proof. For any i, k ∈ Z with i, k > 1, let:
Xi(k) = {(m,n) ∈ Z2 | 0 6 m 6 ki , 0 6 n 6 ki}
Yi(k) = {(mi, ni) ∈ Z2 | 1 6 m 6 k − 1 , 1 6 n 6 k − 1}
and
Ai(k) = Xi(k)r Yi(k)
It is easy to check that, for any i, k > 1, the set Ai(k) is a finite
subset of the vertices of the graph of Z2 and it satisfies the following:
(1) depth(Ai(k)) 6
i
2
(2) |Ai(k)| = (ki)2 − (k − 1)2
(3) |∂Ai(k)| = (k − 1)2 + 4(ki+ 1)
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Figure 1. The set A2(5) in the graph of Z
2
Let
ai(k) =
|∂Ai(k)| · depth(Ai(k))
|Ai(k)|
Then, by (1),(2),(3) we get that for any i, k > 1:
ai(k) 6
[(k − 1)2 + 4(ki+ 1)]i
2[(ki)2 − (k − 1)2] ⇒
ai(k) 6
ik2 + (4i2 − 2i)k + 5i
2(i2 − 1)k2 + 4k − 2
Therefore,
lim
i,k→∞
ai(k) = 0
Thus, for any c > 0 there exist ic, kc ∈ N so that aic(kc) < c, i.e. the
set Ac = Aic(kc) satisfies the inequality:
|∂Ac| · depth(Ac)
|Ac| < c

The following corollary shows that there exists no such universal
constant even if we restrict the conjecture to finite graphs.
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Corollary 3.2. Let c > 0. There exists a finite graph X = (V,E) and
A ⊂ V , with 0 < |A| 6 1
2
|V | so that
|∂A|
|A| <
c
depth(A)
Proof. From Proposition 1.1, there exists a finite set A = Ai(k) ⊂ Z2
such that
|∂A|
|A| <
c
depth(A)
. Let X = (V,E) be the Cayley graph of
Zn
⊕
Zn, for n = 3ki+ 1.
Figure 2. The set A2(5) in the graph of Z31 ⊕ Z31
Then X is a finite vertex transitive graph, and A ⊂ V with 0 < |A| 6
1
2
|V | and |∂A||A| <
c
depth(A)
. 
4. A rough structure theorem for infinite Cayley graphs
In [3], DeVos and Mohar prove the following theorem for small sep-
arations in vertex transitive graphs:
Theorem 4.1 (DeVos, Mohar). Let X = (V,E) be a vertex transitive
graph, and A ⊂ V be finite and non empty set with |A| 6 1
2
|V | such
that A ∪ ∂A is connected. Set k = |∂A| and assume that diam(X) >
31(k + 1)2. Then one of the following holds:
(i) depth(A) 6 k and |A| 6 2k3 + k2
(ii) There exist integers s, t with st 6 k
2
and a cyclic system ~σ on X
so that X is (s, t)-ring-like and there exists an interval J of ~σ so
that the set Q =
⋃
B∈J
B satisfies A ⊂ Q and |QrA| 6 1
2
k3 + k2.
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Moreover, they conjecture that the theorem should hold with a
bound of the form ck2 instead of 2k3(1 + o(1)) in (i). We consider
the case where X is the Cayley graph of a finitely generated infinite
group and prove the following structure theorem with an improved
bound for (i) but without a bound on the ring like structure of X .
Theorem 1.2. Let X = (V,E) be a Cayley graph of a finitely generated
infinite group G with respect to a finite generating set, let A ⊂ V finite
such that A ∪ ∂A is connected and set |∂A| = k. Then one of the
following holds:
(i) |A| 6 16k2 and depth(A) < 4√2k.
(ii) |A| > 16k2 and there exist positive integers s, t and a cyclic system
~σ on X so that X is (s, t)-ring-like. Moreover there exists an
interval, J , of ~σ so that the set Q =
⊔
B∈J
B satisfies A ⊂ Q and
|Qr A| 6 2s2t2k + 2stk.
The proof consists of two lemmas (Lemmas 4.2 and 4.3), involving
the number of ends of the group G.
Lemma 4.2. Let X = (V,E) be the Cayley graph of a finitely gener-
ated group G with one or infinitely many ends, with respect to a finite
generating set. If A ⊂ V is finite and |∂A| = k, then
|A| 6 16k2 and depth(A) < 4
√
2k
Proof. From Theorem 2.3 we have that, for any n ∈ N,
b(n) >
1
2
(n+ 1)(n+ 2)
Therefore, b(2
√|A|) > 2|A| and if m is the minimum positive integer
so that b(m) > 2|A|, then m 6 2√|A|. So, from the Varopoulos
isoperimetric inequality we derive that
|A| 6 16k2
Also, there exists x ∈ A such that B(x, depth(A)− 1) ⊂ A, hence
b(depth(A)− 1) 6 |A| < 16k2
b(depth(A)− 1) > (depth(A))
2
2
}
⇒ depth(A) < 4
√
2k

Lemma 4.3. Let X = (V,E) be the Cayley graph of a finitely generated
infinite group G with respect to a finite generating set, let A ⊂ V finite
such that A ∪ ∂A is connected and set |∂A| = k. If |A| > 16k2 then
there exist positive integers s, t and a cyclic system, ~σ, on X so that
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X is (s, t)-ring-like. Moreover, there exists an interval, J , of ~σ so that
the set Q =
⊔
B∈J
B satisfies A ⊂ Q and |Qr A| 6 2s2t2k + 2stk.
Proof. Since |A| > 16k2 from Lemma 4.2 we get that X is two ended.
So, from Theorem 2.1, there exist integers s, t and a cyclic system ~σ so
that X is (s, t)-ring-like and 2st-cohesive with respect to ~σ. Thus, from
Lemma 2.2, there exists an interval J of ~σ so that the set Q =
⊔
B∈J
B
satisfies A ⊂ Q and |Qr A| 6 2s2t2k + 2stk. 
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